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^ '. 1 Preliminaries 
. 

We start from an important result related to the convex functions due to Ch. Hermite [9] and 
J. Hadamard [8j which asserts that for every continuous convex function / : [a, 6] — t- M the 
^ ' following inequalities hold: 

■ 

. Fejer [6] established the following well-known weighted generalization: 

Proposition 1.1 If f : [a,b] —?■ M is continuous and convex and if g : [a, b] — )■ M4. is integrable 
and symmetric about ( i.e. g (x) = g{a + b — x))., then the following inequalities hold: 

^ ■ f (^) I' gix)dx < f{x)g (x) dx < + g{x)dx. (2) 

Before stating the results we recall some useful facts from the literature. S. S. Dragomir, 
P. Cerone and A. Sofo present in [3l H] the following estimates of the precision in the Hermite- 
Hadamard inequality: 

Proposition 1.2 Let / : [a, 6] — ?• M &e a twice differentiable function such that there exists real 
constants m and M so that m < f" < M . Then 

and 

ib-af f{a) + f{b) 1 .Ab-af 
m'-^ < l^-l^ - ^ /(x)dx < mL_^. (4) 
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These inequalities follow from the Hermite-Hadamard inequality, for the convex functions 
f{x)-m^ and M^-f{x). 

Motivated by the above results, the purpose of this paper is to discuss further inequalities 
of Fejer type. 

2 Fejer type inequalities for convex functions 

Theorem 2.1 Let f : [a,b] — )■ M 6e a twice differentiable function such that there exist real 
constants m and M so that m < f" < M . Then 

^A(1_A) - bf < A/(a) + (1 - A)/(6) - f{Xa + (1 - X)b) < M ^^^~^\ a - h)\ (5) 

for all A e [0,1]. 

Proof: We consider the function g : [0, 1] M, defined by 

5(A) = A/(a) + (1 - A)/(6) - /(Aa + (1 - A)6) - m ^^'^~^\ a - hf. 

Since 

g"{X) = {a- bf[m - f"{Xa + (1 - X)b)] < 0, 
the function g is concave. But g{0) = g{l) = 0, which implies that 

= (1 - X)g{0) + Xg{l) < ^((1 - A) • + A • 1) = g{X), 

for all A G [0, 1]. Therefore, we obtain the first part of inequality (0). 

To see that the later inequality holds, our next step is to take the convex function h : [0, 1] — )■ M, 
defined by 

h{X) = Xf{a) + (1 - A)/(5) - /(Aa + (1 - A)6) - M ^^^~^\ a - bf. 

Since h{0) = h{l) = 0, 

= (1 - X)h{0) + Xh{l) > h{{l - A) • + A • 1) = h{X), 
for all A G [0, 1]. The assertion is now clear. 

■ 

For a slight generalization and alternative proof of Theorem 12.11 the reader is referred to [71 
Theorem 4.2]. 

Remark 2.2 By integrating each term of the inequality (0j on [0, 1] with respect to the variable 
X we recover the inequality 

Corollary 2.3 Preserving the notation of Theorem \2. 11 the following inequalities hold: 
^ (1-2A)^ (^ < /(Aa+(1-A)6) + /((1-A)a + Afe) j('^ + b\ 



for all X G [0,1]. 



< ^^^\ a-bf (7) 
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Proof: According to Theorem 12.11 for A = ^ we obtain the following result, previously 
established in [5]: 

!^ib - af < M±M _ / (-_±1\ < _ af. (8) 



We consider the above inequality ([8]) replacing a — )• Aa + (1 — \)h and 5 — )■ (1 — X)a + Xb (the 
hypothesis m < f" < M is still working on the interval with these endpoints because it is 
contained by [a,b]) and we get the claimed result. 



Remark 2.4 Notice that by integrating all terms of ^ on [0, 1] with respect to A we recover 
now the inequality 

Next we give some estimates of the Fejer inequalities (Proposition 1 1 . 1 P : 

Theorem 2.5 Let f : [a,b] — J- M 6e a twice differentiable function such that there exist real 
constants m and M so that m < f" < M . Assume g : [a, b] — t- M+ is integrable and symmetric 
about Then the following inequalities hold: 

l\t-a){b-t)g{t)dt < IM±JM l'\(^t)dt- I' fit)git)dt (9) 



M 



b 



and 



< — I {t-a){b-t)g{t)dt (10) 



!^Jj2t-a-bfg{t)dt < jj{t)g{t)dt-f{^^ j^g{t)dt (11) 

< —J {2t-a-bfg{t)dt. (12) 

Proof: We multiply (l5|) by g (Aa + (1 — A)6) and integrate the result on [0, 1] with respect to 
the variable A. Using the change of the variable Aa + (1 — A)6 = t we get 



m 
~2 



b 

{t-a){b-t)g{t)dt 

r-b 



< /(«)/ ^g{t)dt + f{b) [ i-^g{t)dt- f f{t)g{t)dt 

M 

< — y (t-a){b-t)g{t)dt. (13) 
On the other hand, due to the symmetry property of g, for t = a + 6 — x, we also have 

— / (b — x){x — a)g [x) dx 



a 



^ x-a 



< f{a) T g{x)dx + f{b) g{x)dx- f{t)g{t)dt 

b — a . a b — a 



a 



b — X 



M 



b 



< Y / {b-x){x-a)g{x)dx. (14) 



Summing ([T3]) and ^ we find 
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In order to prove the remaining inequalities (jlip we follow same steps as above, using Q 
instead of ([5]). The computation is straightforward, taking into account the symmetry of g 
(applied now as g (Aa + (1 — A)6) = g {{1 — \)a + A6)). We omit the details. 

This completes the proof. 

■ 

It is remarkable that dH) agrees, having an extended form, with [12\ pp.53. Exercise 4]. 

Remark 2.6 If g : [a,b] — ?> [0, 1] then the function h{x) = 1 — g (x) satisfies the same symmetry 
and positivity conditions and Theorem \2.5\ also applies. That yields the following estimates of 
the precision in 

[b-a)[ 7 — - / f{t)dt - m 



2 b-a ' ' 12 

> ^^"^y^^^ 1 9{t)dt- t f{t)g{t)dt - ^ [\t-a)ib-t)git)dt>0 (15) 



and 



> ^ / (* - "K* - t)s (<) 'it - f^''^ + f(''^ / 9 (t) d( + / f{t)g (0 dt > 0. (16) 

By a similar technique one can estimate ill]). 

Remark 2.7 For the particular case g (x) = 1 if we apply Theorem \2. 5\ on the intervals [a 
[^,b] we get: 



' 2 J ' 



48 -2V 2 ' \ 2 J J b- a ' ' - 48 

and 

The following theorem gives new Fejer-type inequalities. 

Theorem 2.8 Let f : [a,b] M be a continuous, convex function and g : [a,b] —J- M-|_ be 
continuous. Then the following statements hold. 
1) If g is monotonically decreasing then 

f{a) + f{b) r/(t)g(t)dt >/M±ZM r g{t)dt- r f{t)g{t)dt > 0; (19) 



2 

2) If g is monotonically increasing then 



f{t)g{t)dt -f{^] I g{t)dt> I f{t)g{t)dt -f 
for all x € (a, b) . 



I 9{t)dt>0 (20) 

J a 
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Proof: 1) We consider the function hi : [a, b] — t- M, defined by 

h,(^)=M±iM r g^t)dt- r f{t)g{t)dt. 

^ J a J a 

Its first derivative is 



Using the mean value theorems there exist ci, C2 G [a, x\ such that 

K{x) = (ci) - ^5 (x)) - a) . 

Thus, by the convexity of / and to the monotonicity of (7, we have /' (x) > /' (02) and g (ci) > 
g (x) , hence we conclude that hi is increasing on its domain and hi (b) > hi (x) > hi (a) = 0. 
Thus we have p^ . as asserted. 

2) Similarly, we consider the function /i2 : [a, b] — )■ M, defined by 



/i2(x) 

and we compute its first derivative 

h'^ix) = (/(x) - / (^) ) 5 (x) - If (^) £ g (t) dt. 
There exist ki G and k2 G [a, x] such that 

/^'2(^) = (/' ih) 9 (X) - /' (^) 5 (^2)) 

Therefore, due to the monotonicity we have /' (ki) > f (^^) and g (x) > g (^2) 1 which leads 
that /i2 is increasing on its domain and /i2 (b) > /12 (x) > /i2 (a) = 0. 
Thus the proof is completed. 

■ 

The following direct consequence incorporates the classic statement of the Hermite-Hadamard 
inequality. 

Corollary 2.9 Suppose / : [a, 6] ^ M is continuous and convex. Then 

2 b-a Ja b-a \ 2 x-a J 

and 

1 ^';W*-/fi^)>^f^r/(*M'-/f^))>0 (22) 



b — a Ja \2y 5 — a\x — a_ 

/or aZZ X G (a, 6) . 

Proof: We apply Theorem 12.81 with g (x) = 1, which satisfies both monotonicity conditions. 



5 



Remark 2.10 Under the same assumptions as in Proposition when we apply Corollary \2.9\ 
to the convex function f{x) — m%-, we recover and improve the inequalities ^ as follows: 



1 



> 



b — a 
X — a 



'fmt-f^''^' 



1 



a \x — a 



fmt - f 



m- 



a + X 



24 



m 



{x — a)' 
2F~ 



> 



(23) 



and 



-^{b-a) 



1 

— / fmt-f 



a + b 



> 



X — a 



— [x — a) 



X — a 

2 



f{t)dt - f 



a + X 



> 0. 



(24) 



Similarly if we use the convex function — / (x) we get improvements of which at this 
moment can easily be written by the interested reader. Obviously same steps could be followed 
from Theorem \2.8\ improving that way Theorem [K 



We end this section with the weighted statement of a known result concerning convex func- 
tions. 

In the hght of Proposition II. H the fohowing statement appears as a trivial generalization of 
a result due to Vasic and Lackovic [11], and Lupas [10] (cf. J. E. Pecaric et al. J13', pp. 143]) 
and we omit its proof. 

Proposition 2.11 Letp and q be two positive numbers and ai < a < b < bi. Let g : [a, b] — )• 

be integrable and symmetric about A = ^'^^ ■ Then the inequalities 



\ P + Q J Ja-v JA-y 



f{x)g{x) dx < 



Pf{a)+qf{b) f^+y 



P + Q 



9 (t) dt (25) 



A-y 



hold for y > and all continuous convex functions f : [ai,6i 

b — a 

y < — : — mm {p, q} . 
p + q 



if and only if 



3 Application to special means 

From the inequality (|2ip applied to the convex function f^, with p G (— cxo, 0) U [1, oo) \ {—1} we 
have 

(6 - a) {[Ap (a, b)f - [L, (a, 6)]^} > (x - a) {[Ap (a, x)]^ - [Lp (a, x)]^} , (26) 

where x £ [a, b] . Here Ap (a, b) = ( "^+^^ )''^^^ ig the power mean and Lp (a, b) = (^^qi^j^fz^^ 

is the p- logarithmic mean. Also the limit case j» — > — 1 (or we may equivalently say the case of 
the convex function 1/t) gives us 



(b-a) 



1 



1 



H{a,b) L{a,b) 



> (x — a) 



1 



1 



H{a,x) L{a,x) 



where H {a,b) = is the harmonic mean and L(a,b) 



b—a 



log 6— los 



— is the logarithmic mean. 
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It is also useful to consider the inequality (j2ip applied for the convex function — logt, when 
we get 



'A{a,by 


b—a 

> 


A (a, x) 


x—a 


I{a,b) 




I (a, x) 





for a 7^ 6, X G [a, b] , where A (a, b) = is the arithmetic mean and / (a, b) = - y^j " is the 
identric mean. 

In the remainder, we focus on two immediate particular cases of Theorem 12.11 that help us 
to give improvements of the well known arithmetic-geometric mean inequality (also known as 
Young's inequality). 

1) We apply the theorem to the function / : [a, 6] — )• M (a > 0) defined by f{x) = — logx, 
which leads to 

(27) 



A(l-A)(a-b)2 \aJ^{l-X)h A(l-A)(a-b)^ 
' 262 < >_ < g ^ 



A(l-A)(a-i))^ 

Since e ^ > 1, we obtain a refinement of Young's inequality where A € [0, 1]. 



We also obtained a reverse inequality for Young's inequality. 
2) Next, we apply the theorem to the function / : [log a, log b] 
and we arrive at 



defined by /(x) = expx 



A(l — X)a , 9 /a 



< Aa + (1 - \)b - a'b'~' < iog2 f « 



(28) 



where a,b > and A € [0, 1]. 

The inequality (|28p gives an improvement of Young's inequality. 
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